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The homotopical reduction of a nearest neighbor
random walk*

J. Fontbona and S. Martinez

Abstract. Consider a nearest neighbor random walk on a graph G and discard all the
segments of its trajectory that are homotopically equivalent to a single point. We prove
that if the lift of the random walk to the covering tree of G is transient, then the resulting
"reduced" trajectories induce a Markov chain on the set of oriented edges of G. We
study this chain in relation with the original random walk. As an intermediate result, we
give a simple proof of the Markovian structure of the harmonic measure on trees.
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1 Introduction

Let G = (V, E) be acountable non-oriented graph, where V is the set of vertices
and E the set of non-oriented edges. We write x ~ y if x, y € V are neighbors,
and we assume that the degree of every x € V, deg(x) = [{y € V : x ~ y}|
satisfies 2 < deg(x) < oo.

A path in G is a finite sequence (yo, ... , y,) of vertices such that y; ~ y; 1
foralli =1,...n — 1, and we say that it connects yo with y,. We will assume
that G is connected (i.e. any pair of vertices is connected by a path) and further,
that G has neither loops nor repeated edges. A path (yg, ..., ¥,) is reduced if
yi # yiwe foralli = 0,...,n — 2, and it is closed if yo = y,. Every path
contains a unique reduced path. Two paths with same starting and end points yj
and y, are said to be homotopically equivalent if they contain the same reduced
path.

Let (Y,,) be anearest neighbor random walk on G. Denote by ré’oo’” the stopping
time corresponding to the first moment at which (Y,) comes back to the start-
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ing point, in such way that the closed path (Y, Y1, ..., Yrgw,,) is homotopically
0

equivalent to the zero-length path (Yp). The random walk is recurrent if rfo”’” is
finite P,,-a.s., but nothing can be said in general if P, {z)" < oo} < 1. We
will interpret this probability as the return probability of the “lifted random walk
of (¥,,)”, which is a random walk (X,,) on the covering tree of G that “projects”
onto (Y,).

We will show that if P{r¢§’” < 0o} < 1 holds, then the trajectories of (¥,)
can be almost surely simplified or “reduced”, by discarding the segments of the
infinite path (Yy, Y1, ...Y,, ...) which are homotopically equivalent to a single
point. Hence, the resulting trajectories do never backtrack, and we will prove
that they define a Markov chain (17,,1) on the set of oriented edges TZ) ={(x,y) €
V2 : x ~ y}of G. This chain will be called the “homotopical reduction of (¥,)”.

To compute the transition probabilities of (Ym), we will use the results of Cartier
[1] on transient nearest neighbor random walks (X,,) on infinite trees. We will
give an elementary proof that the associated harmonic measure is Markovian,
and compute its transition probabilities in terms of the hitting probabilities of
(X,). By using some elements of covering spaces theory in the graph setting,
we will deduce the transition probabilities of the chain (Y,,). We shall also prove
a simple characterization of irreducibility for Y, (in terms of the limit set of
the action of the fundamental group of G on its covering space), and in the
irreducible case, we will prove that the type (recurrent or transient) of (Y,) is
preserved by (¥,,).

We notice that the trajectories of (Y,,) live in the space of “geodesic rays” of
the graph G. In the case of a simple random walk (Y,,) on an homogeneous
graph G, Coornaert and Papadopoulos proved in [2] that the harmonic measure
of (X,) corresponds to the Patterson-Sullivan measure of the geodesic flow on
G, and that recurrence of (Y,) is equivalent to the ergodicity of the geodesic
flow. In that case, the chain (Y,,) corresponds to the one-sided shift associated
to the flow. We think that (Y,,) is a natural object to take into account, to study
the relation between geodesic flow dynamics and random walks on G in a more
general setting than the one considered in [2].

Let us give some notation. Let (€2, B, P) be a probability space, S be a
countable state setand (X,, : 2 — S, n € N) be an homogeneous Markov chain.
By IP, we mean the law of (X,,) when issued from x and [E,, denotes the associated
expectation. Put N, = |{n e N: X, = x}land t, = inf{n > 0: X, = x}.
We denote by F(x,y) := P.{r, < oo} the probability of hitting y, and by
G(x,y) =: E,(Ny) the associated Green kernel. A state x is called recurrent if
G(x, x) = ooandtransientif G(x, x) < co. Wewillwritex — yif F(x,y) >0
and C(x) :={x}U{ye S:y < x}
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2 Preliminaries

Let us consider a nearest neighbor random walk (Y,,) on G = (Vg, Eg), starting
from yo € V. Our first aim is to study the stopping time ry’,’o‘”” and the condition
IPyo{r}’?O(’m < oo} < 1. In this purpose we recall some topological facts about
graphs. Agraph T = (Vr, E7) satisfying the conditions of Section 1, is a tree if,
further, it does not contain closed paths of positive length. By [x, y] we denote
the unique reduced path connecting x and y in T, also called geodesical segment
between x and y. Its length |x — y| defines a distance on Vr. Similarly, a
geodesical ray in T is a sequence of vertices (xg, x1, ...) such that x; ~ x;,; and
x; # xiyo forall i € N. A geodesic is a bi-infinite sequence (...x_1, xo, x1, ...)
satisfying the same constraints.

Every connected graph G = (V, E¢) hasauniversal covering, thatis, agraph
homomorphism v : T — G, with T = (Vr, E7) a tree, v surjective and such
that for every x € Vi the restriction of vto {x}U{y € Vy : y ~ x} isabijection.
We refer the reader to Massey [6], Ch. 5 and 6 for the following facts. The
universal covering is unique up to graph isomorphism, and a realization of it is
the following one. Choose and fix yg € V. The set of vertices V of T is the set
of reduced paths (yo, y1, .., y,) in G starting at yo, and two vertices x, y € Vr are
adjacent if and only if x = (yo, y1, ..., y») @and y = (o, Y1, ... Yn» Yus1) fOr some
Yo, ---» Yur1 € Vg or conversely. The projection v is given here by v(x) = x,.
If (Yo, y1,...ym) is @ path in G, for each xo € v=1(yo) there is a unique “lift”
of it to a path (xq, x1, ..., x,,) in T, such that v(x;) = y;. Two paths in G are
homotopically equivalent if and only if their lifts to 7" (starting at the same given
point) are homotopically equivalent (see [6] Ch. 5, Sect. 5).

Now, denote by I" the group of isomorphisms of the coveringv : T — G
(that is, the group of isometries ¥ : T — T such that v o y = v), and by
Orb(x) = {yx : y € I'} the orbit of x € V. Every stabilizer Est(x) = {y €
[ : yx = x} is trivial. The quotient graph '\ T is identified with G by mean
of y € G — Orb(x) € T\T, where x € v=1(y) (see [6], Ch.5, Sect. 8, and
Coornaert and Papadopoulos [2]). Since G has neither loops nor repeated edges,
it follows that |x — yx| > 3 for all x € V7 and every non trivial y € T" . Let us
recall that I" is isomorphic to the fundamental group of G, IT;(G). Given a vertex
Yo € Vg, IT1(G) is the quotient of the set of closed paths in G having extremes
yo, under the relation of homotopical equivalence. The product is induced by
the concatenation of paths and the unity element is the class of the zero-length
path (yo). Up to isomorphism, IT;(G) is independent of the base point y,, and
itis a free group (see [6], Ch. 6, Sect. 5).

We introduce now the lift of the random walk (Y,) to the universal covering
T of G. Fix an arbitrary xo € v=1(yp). Define a mapping on n—length paths
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(yOv Vi, -ees yn) in G, by
Vo (0s V1o oes Yn) = (X0, X1, ey Xn),

where (xg, X1, ..., x,) is the unique lift of (yg, y1, ..., y,) to T starting at xo. We
also denote by vx_gl its natural extension to the set of infinite paths (yo, y1, -...).
Under P, the mapping

vhs (Vo = (vp)Y
is well defined outside a null measure set, and it is measurable as it can be seen
by considering cylinder sets. It is easy to check that

(X)) = (v oY), neN, (1)
is a Markov chain under IP,,, with transition probabilities given by

p(x,y) =Pyn{Y1=v(»)}ifx ~y,
and p(x,y) = 0 otherwise. (X,) is hence a nearest neighbor random walk,
that we call the “lift of (Y,,) to T”. By definition of r;’o"’", on the event {Yy =
Yo, rj’o(”" = n}, a path (Yo, Y1, ..., Yi) with & < n is homotopically equivalent to
the zero-length path (yp) if and only if X = n (even though one can have Y, = yj
for some 0 < k < n). We deduce the following result.

Lemma 2.1. Writing B,, := v;;}(P,,), we have

IP’yo{r;’O"m < o0} = @XO{‘L’XO < 00}. 2

Proof. Inthe canonical space Q = (V)Y, theevent B, = {Yy = yo, r}’}oo’" =n}
isadisjoint union of cylinder sets, and it is the same for its image through %1_ On
the other hand, the path (yp) liftsto (xp). Then, on B,,, the path u;ol(Yo, Yi,...,Y,)
is homotopically equivalent to (xg), SO X, = xo. Also notice that X # xg if
1 < k < n, because otherwise (Xo, ..., Xx) would be homotopically equivalent
to (xg), and then (Yg, Y1, ..., ¥x) would be homotopically equivalent to (yg),
contradicting the definition of rfo‘]”’. The statement follows directly from these

considerations. O

Remark 2.1. Inthe case of an homogeneous graph, Coornaert and Papadopou-
losin[2] have considered the lift of arandom walk in order to establish alternative
formulations of the ergodicity of the geodesic flow on the graph.

Inthe sequel we will assume that (X, ) is transient, that is, that the probability in
(2) is strictly less that 1. This condition will allow us to define the “homotopical
reduction” of (¥,,) in Section 4. Before we do it, we will prove some elementary
properties of the harmonic measure on trees.
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3 Transient random walkson trees

In this section, T = (V, E) is a given tree and (X,,) is some nearest neighbor
random walk on it, and we assume that it is transient: F(x, x) < 1 for some (or,
equivalently all) x € V. A classic result due to Cartier (see [1]) establishes in
that case that, for all xo € V, the random walk (X, ) converges PP,,-a.s. to the
“boundary at infinity” of T.

The boundary at infinity of T or hyperbolic boundary, denoted 8T, is a compact
metric space consisting of all the “ends” of geodesical rays in T'. For details on
the construction of 97, see [1], or Coornaert and Papadopoulos [3], Ch. 1 (also
for general facts on hyperbolic spaces). The endpoint & of aray r = (rg, r1, ...)
is denoted by .., and we shall usually write r = [rg, 7).

We will keep in mind the following construction of 7. Fix a base point
xo € V. Then

—
AT = {(VnYnsD)nen € CEDN: Yo = X0, Yo ~ Yusls Yn 7 Yuso foralln e N},

endowed with the product topology. Here, (y,V,11)xen IS the end point of the
ray r = (xo, y1, y2, --.)-

To define a topology on the set V U a7, we consider the Gromov product
(XY = %(lx — xo| + |y — xo| — |x — y|) defined on V2, which in this case is
equal the length of the common segment between [xo, x] and [xg, y]. It extends
naturally to V.U 9T. We define for y € V the sets U,,(y) = {z € V U
T : (2.¥)x, = X0 — ¥}, @and Oy, (y) = Uy, (y) N AT, which is a cylinder set
of 3T (the topology of 47 is also induced by the distance (&, n) > e~ M),
Hence, a neighborhood basis of ¢ = ro, € VUJT is given by the family U, (r,,),
n € N. The topology of V is the discrete one and it is an open dense subset in
Vuoar.

We will denote by T U 8T the set V U 8T endowed with this topology, called
the hyperbolic compactification of 7. Up to homeomorphism, the boundary and
the compactification of T are independent of the base point xo.

Following Cartier [1] the set

Q' = {w e Q: thereexists & € 9T such that X,, — &}

is of full measure, that is P,,(€2") = 1, and the random variable X, = lim X,

n—o00

is defined P, - a.s. Furthermore, the family of measures P,,{X« € -}, x0 € V,
defined on 8T, is harmonic:

Po{Xoo € ) = Z p(xo, X)P{Xoo €}, forallxg eV,

X~XQ
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and one can identify 9T with the Martin boundary of the transient chain X, (see
also [7], Ch. 4, Sect. 26).

Lemma 3.1. Let xg, y € V be different and z € V be the unique vertex such
that z € [xo, y], z ~ y. Then

1-F(.2)
1-F@yF,2)

IED)co{Xoo € Oxo(y)} = .’F(XO’ y)

Proof. First, we show that
IED,\cg{Xvoo € Oxo(y)} = G(xOs Y)Py{fy =00, T, = OO} (3)

Consider F = {Xo € Oy, (y), Xo = xo}and w € F. Denote by N () the small-
est n(w) such that Xy (w) & [xo, y] forall k > n(w). Then, Xy )-1(@w) =y
a.s. Thesets F, = {w € F: N(w) = n}, with n > 2 define a partition of F.
Writing s = (s1, ...s;) € V¥ and

WEk={s eV xg~s1, s~y si~sipq foralli=1,...k—1},

we have F, = (J;cyn2{Xo = x0, X1 =51, ... X2 = 52, X1 = 3, Xx &
[xo, y] forall k > n}. From the Markov property we get,

Po(F) = ) P(Xiy¢lxo,y]l forall k=n|X, 1=y}
sewn—2
X PolX1=51,..., Xs—1 =y}
= ]P)y{ X Q [x0, y] forall k > 1}Pxo{Xn—1 = y}
Sincexg # y, wededucethatP, (F) = P, { Xi & [xo, y] forall k > 1}G(xo, y).

On the other hand, as (X,,) is of nearest neighbor type and T is a tree, we get the
almost sure equality

{Xo=1y, Xk €lx0,y] forallk >1} ={Xo=y, 1, =00, 1, = 00},

and we conclude (3).
Now, we have

IEDy{‘cy =00, T, = OO} =1 _f(y’ )7) _.T(y’ Z) +Py{fy <00, T; < OO} (4)
On another side,

Py{ty, <00, 7. <00} = Pyfry <1, <00} +Pyfr, <1, <00}
Ey(1”-"<TZ}1{’>‘<°°}E(1{T>'<Q<OO}U:T“\'))
+E«V(1{Tz<fy}1{Tz<00}E(1{Tz<ry<oo}|.TTZ)),
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and then, by the strong Markov property we find
]P)y{fy < 00,7, < 00} = lPyy{'ry <1} F(y,2) +]P)y{rz < Ty}f(z» y) .

Since {Xo = y,1; < 1,} = {Xo =y, X1 = z} as., we have P, {r, < 1,} =
p(y, z) and then

Py{fy <00, T, < OO} = ]P)y{ty < Tz}f(y, Z) + P()” Z)T(Za )’)
=1 -Py{ry =00, 1, =00}
— 2 NFG, )+ p», D) F ().
By replacing this expression in relation (4), we obtain
1-F0.»+r0.0F @y —F@».2)
1+ F(k,2) '

Now, it is proven in [1] that for nearest neighbor random walks on trees the
following relation holds

®)

Pty =00, 7, =00} =

1
j:(}’»Z)fl—f(ZaJ’) .

By using (3), (5), (6) and the identities 1 — F(y, y) = (G(y, y)) "t and F(xo, y)
G(y,y) = G(xo, y), we conclude that

1-F.»+pr0.0F @ y) —FQ, Z))]
1+ F(,2)
__Foy) <1+fF(y,Z)(f(z,y)—f(y,Z)))
1+ F(y,2) 1-F@nF(y,2)
1‘?(}’»2) > .
1-F@ »F,2)

Now, let us describe the way (X,,) determines X, as n tends to co. Define
inductively a sequence of random times k,, € N and random variables X,, € V

by
o ko=supfk e N: Xy = Xo} +1, Xo= Xs.
o kppi=suplkeN: X; =X,)+1, X=Xy, m>1

(6)

r(y,2)G(y,y) =

IEDxo{)(oo € Oxo(y)} :g(xo, y) |:

=¥ (xo0, y) ( O

Since (X,,) is transient, the variable k,, is finite, and by an induction argument
the variables k,, and X, are measurable, for every m € N. By construction, the
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sequence (Xo, X1, ooy X, o) iS @ geodesic ray issued from X, with end point
g - (X Xm+l)meN; and

X, € Uy (X,) foralln > k,.

Thus, X, has a limit point X, € 9T equal to &.

Now, we set Xo = (XoXo) and X,, = (Xm_1X,,) forallm > 1, and by P
- R —> N ~
we mean the probability measure induced on ( £ )" by (X,,) when Xy = xg, SO
PO =P {Xwx € -}

Proposition 3.1. (()?m), ﬁ"o) is a Markov chain on E with initial distribution
P = (P(xy)) and transition matrix P = (p((xy), (zw))) given respectively by

~ | uoy) ifx=xg ~ _ PL% ifw=yx#z
Pxy) = { 0 otherwise ’ p(xy), (w2)) = { 0 e otherwise

’

where for each (xy) € TE) w(xy) is defined by

fF(x WA= F(y.x)
. 7
HOY) = o e W F ) ()

Proof. For x ~ y itholds P,,—a.s. that

{Xo=1x,Xo=y}={Thereexists N e N: Xy_1 =x, Xy =y,
foralln > N X, # x}
={Xx € 0:(N)}.
Thus, by Lemma 3.1 we get Po{Xy = (x0)} = Py{X® € 0,0} =
p(x0y), SO Pisa stochastic matrix and ' a probability vector. It is clear that

IP”“O{XmH = (xy)|X = (uv)} = 0 exceptif y = u and x # v. Denote by
(x0, Y0, ---Ym—2, X, ¥) the reduced path connecting xo and y. Then,

{Xo = x0, X = (X))} = (X0 = (X0y0), X1 = (Yoy1)s -0r X = (x))}.
We deduce that if P*{X,, = (xy)} > 0 then
P(X, 41 = (y2)| X = (xy))

P (X1 = (¥2) X = (1), X1 = (Y 1X) (xwo)}
Po(X,, = (xy), X1 = m_1%), . (xoyo)}

(®)
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Hence

P(X, 41 = (y2)| X = (xy)} =
PUYX 1= D) Xm=xY), X1 =m-1X), ..., Xo = (x0¥0)},

proving that P* is Markovian. Now,

{Xo = (x030), X1 = (oY) - -+ » Xow = (x0)} = {Xo = x0} N {Xoo € Oy (1)}

P,,-a.s., which, together with (8), yields

Py {Xo € Oy, (2)}
Pyo{Xoo € Oy, (1)}

Since T isatree, one has F(xo, z) = F(x0, y) F(y, 2), and from (9) and Lemma
3.1 we conclude that

POYX, 11 = (y2)| X, = (xy)} = 9)

1-F(z.y)
~ _FO D50 0ren kO
p((xy), (v2)) = 700 1 pu(yx)’
1-F @, »NF(y.x) Ry

Remark 3.1. The previous statement extends to arbitrary trees the result of
Dynkin and Malyutov [4] on the harmonic measure on free groups of finite rank.
See also Ledrappier [5].

At this point, we can define the homotopical reduction of the nearest neighbor
— . ~ . -
random walk (X,) on T as the E valued Markov chain (X,,). Our aim is to
extend this definition to general graphs G.

4 The homotopical reduction of (¥,,)

In this paragraph and in the next lemma, I" is a group acting by the left on a given
set S. A matrix A indexed by S is said to be T'-invariant if A(x, y) = A(yx, yy)
forall x,y € S, forally e . If P = (p(x,y) : x,y € S) is a I'-invariant
stochastic matrix, it is the same for P", G, F; the associated Markov chain (Z,)
is said to be I'-invariant.

Let S = I'\S be the quotient space and denote by v: § — S the canonical
projection. For x € S we denote by x € S its orbit or equivalence class.

Lemmad4.l. Let (Z,) be a I'-invariant Markov chain on S.
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(i) Z, = v o X, defines a Markov chain on § with transition probabilities
givenby p(x,y) = Zy,ey p(x,y) forall x,y € Sandinitial distribution
Dz = Zye;o py (these quantities are independent of the choice of x € x).

(ii) Let g and F denote respectively denote the Green kernel and the hitting
probabilities of (Z,), and G and F the corresponding functions for (Z,,).
(a) If x is a recurrent state for (Z,), then X is a recurrent state for (Z,,).

(b) If x is transient for (Z,), then X is recurrent for (Z,,) if and only if
Zy/eff(x’ y/) =0.
(c) Lety be atransient state and x — y. Then

T~ =\ ZZEY-T(X’Z)
F&.y) = [+ S FO )
FG.5) = T

1+ Y eenn F O 2D

(d) If y is transient and x — 7, then y is recurrent if and only if
Zzeyf(x7 Z) = 00.

Proof. Part (i) is standard. Let us check (ii).
(a): Itis obvious from the relation G(x,y) = Y, 5 G(x, y) forall X,y € S.
(b): Weuse G(¥, %) = )_ e G, ¥) = G, 1)+ e iy F @ Y)G(G, Y.

Since G is I'- invariant, G(x, X) = (G(x, x))(1 + Y ven F &, ¥)), and the
equivalence follows from 0 < G(x, x) < oo.

(c): Take x # y. We have G(x,y) = Zzey G(x, ), and the second identity in
the proof of (b) yields
GEN=FEMNGy ML+ Y F.).

Zey\{y}

Since 0 < G(y, y) < oo, we obtain

FENA+ ¥ Fon =Y oa =Y TR =Y rw . o)
z€y

Zey\{y} Z€Y z€y

the latter holding because x # z, forevery z € y. Thefirstrelation in (c) follows.
For the second one, notice that y is transient because y is, s0 G(y, y) = ﬁw
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(a similar relation holds for G(y, )). Therefore, the second identity in the proof
of (b) yields

R D D NI NACAED)
1-F3.y 1=-FOo.»
and the asserted relation for F(y, y) is obtained.
(d): It follows from (10). O

Remark 4.1 By induction PUEY) = Y p™(x,y). It follows that
Cx) = {y € §: thereexisty’, y” € y withx — y"and y” — x} and
C(x) 2 v(C(x)). In particular, (Z,) irreducible implies (Z,) irreducible.

Let us consider again the random walk (Y,,) on the graph G = (Vg, Eg) as
in Section 2. The lifted random walk (X,,) defined in (1) is easily seen to be
invariant for the group I" of isomorphisms of the covering v : T — G. Further,
with the notation of Lemma 4.1 one has X, = Y,. However, we will apply
Lemma 4.1 in a different way. Indeed, the group I" also acts on the left on f)T
by y(xy) = (yx yy) and the quotient space F\I_E)T is identified with the set

)—E>G of oriented edges of G by Orb((xy)) — v((xy)) := (v(x)v(y)). We can
now state our main result.

Theorem 4.1. Let (Y,) be a nearest neighbor random walk on the graph G =
(Vg, Eg) and assume that

Pyo{rj'o”m < o0} <1

for some (or all) yg € V. With each sample path (Yy, Y1, ..., ¥,,...) we associate
a sequence o R
(Yo, Yo, Y1, ..o, Vi)

of vertices of Vi by erasing the segments of the original path which are homo-
topically equivalent to a zero-length path. The mapping (Y,)nen = (Yi)men iS
measurable, and if we set

Yo := (Yo¥o), V= YY), m=>1,

then (IN’m) is a Markov chain with values in fg. Let i (uv) be defined as in (7)
in terms of the hitting probabilities F (u, v) of the lifted random (X,,) associated
with (Y,,). Then, conditioned to Yy = yo, the initial distribution and transition
probabilities of (Y,,) are given respectively by:

’

~ | uloy) ifx=x
Py 0 otherwise
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where xo € v™1(yp) is arbitrary and y’ e V; satisfies y’ ~ xq and v(y’) = y;

and
n(y'z)

P((xy), (wz)) = W ifw=y, x#z

otherwise

’

where y’ € v1(y) is arbitrary, and x’, z’ € Vr satisfy x’, 2’ ~ y" and v(x') =
x, v(z’) = z. Thischain (Y,,) will be called the homotopical reduction of (Y,,).

Proof. Consider the homotopical reduction (}?m) of the lift (X,,) of (v,), as
defined in the previous section. Notice (with the notation therein) that the paths
(Xo, ..., X,—1) and ()?m,ka+l ), m > 0, are homotoplcally equivalent to
the zero-length paths (Xo) and (Xm) Define v,, = v(Xm) forall m € N.
Then, (Yo, ..., Yi,—1) and (Ym, Yj,i1-1), m > O are paths in G homotopically
equivalent to the zero-length paths (¥o) and ¥, respectively. On the other
hand, as |Xo — X2| = |X - Xm+2| = 2, we have Yy # Yz, Y * Ym+2, and
for all m the path (Yo, Yo, Y1, ..., Y,u) is reduced. By construction, (Y,,) is a
measurable transformation of the trajectories of (Y,,). Now, from the properties
. . —> —>
fulfilled by v, we get that for each pair (xy), (wz) € E g andany (x'y’) € E
with (v(x")v(y")) = (xy), there exists a unique (w'z’) € v~1((wz)) such that
7/ ~ y’. The result follows from this observation, Lemma 4.1 applied to Z = X,
and Proposition 3.1. O

5 Someexamples

In this section we supply an example, concerning a question put by the referee.
We notice that computing explicitly the transition probabilities of Y (or equiv-
alently of (X,,)) might not be possible in general. Clearly this should be easier
in presence of symmetry. For instance, let X,, be is a simple random walk on a
regular tree TX, (with deg(x) = k for all x € V), or on a bi-regular tree 7%/
(thatis, deg(x) = k or/ forall x € Vr,and x ~ y implies deg(x) # deg(y))
We readily see that in these cases X,, has associated probabilities p(.,, = deg(x)

and p((xy)(yz)) = W' The same is valid for the simple random walk on
74 (as follows from the case of the regular tree 7%).

In these examples however, symmetry has simplified things too much. Indeed,
here we could have obtained the same random walks with reduced trajectories
in a more "naive" way: at each step, simply choose with equal probability one
neighbor among those being different from the vertex visited at the previous step.
(More generally, this could be seen as choosing a neighbor conditioned to not
backtracking.)
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In general, even in presence of symmetry, the homotopical reduction we have
introduced may not coincide with the previous construction. We will now give
a simple example of this on a tree.

Let T be a tree with V; partitioned in two subsets, say Vy = V1 U V. As-
sume that each vertex x € V; (respectively V) has deg(x) = k; (respectively
deg(x) = kp), with k; > 3and ky # k,. Further, every vertex in V; is connected
to k; — 1 vertices in V; and to one vertex in V,. On the other side, every vertex
of V5 is connected to k, vertices of V.

We consider a simple random walk X, on T. For the sake of concreteness we
shall assume k1 = 3, ks = 4. Let u, u’ be in V1 and v be in V, and such that »’
and v are neighbors of u. Let us write a := F(u, u’). By symmetry we have
Fu,u) = F@,u) and then from (7) we obtain
a — a2
1—a?
On the other hand, also by symmetry one has P, {X. € 0T} =1 = 2u(uu’) +
u(uv), and we deduce that

w(uu') = (11)

l—a

l4a (12)

u(uv) =
By similar reasons, it is obtained .(vu) = .
Now, by the harmonic property of P,{X, € -}, it holds that

,u(uv) = ]P)u{Xoo € Ou(v>} = %]P)U{Xoo € 05(”)} +2. %Pu’{xoo € Ou’(v)}

1,2 ) 12
=1 + 3;L(u u)l ) 4 + 3au(uv). (13)

We have used here the facts that P,{X., € OS(u)} = 3P,{X«x € O,(u)} and
lﬁ%‘lj/) = F(u,u’) = a. From (12) and (13) we conclude that a is the unique
solution in 10, 1[ of 8x2 — 23x 4+ 9 = 0 (in particular a # %).

Now we can easily check that the transition probabilities of the homotopical
reduction X,, are different from those of the “naive” reduction. In fact, if they
would coincide, we should have

pluv) —_ p(un)
1- ) 11— p(uu)’
where u € V; is the neighbor of u which is different from »’ and v, and we
deduce that w(uu') = w(uv). This together with (11) and (12) imply thata = %
a contradiction.
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6 Irreducibility and recurrence

Foru, x,y € Vr letus denote u <, y if u € [x, y] and u # y. The structure of
the Markov chain (X,,) is very simple: for two differentedges (xy), (wz) € f)T
one has (xy) — (wz) ifand only if y <, w <, z, which is also equivalent to
Pr (X = (w2)} > 0,wherem = |x —w| = |y —z|. Of course, the additional
complexity of (¥,,) comes from the “folding “ of some geodesic segments of T
into closed reduced paths in G, and it is entirely determined by the action of the
group " on T. Let A denote the limit set of T,

A = Adh{Orb(x)} N T

(which is independent of x € V7). We introduce the notation rk(T") for the rank
of T,
x :=v(x)and (xy) := (v(x)v(y)) forevery x, y € Vy.

We will show the following result.

Proposition 6.1. Assume rk(I") > 2. The following properties are equivalent
(@) (Y,,) is irreducible.
(b) forall 73) € E g, (%) € C(Ty).
(c) A =0T.

For its proof we will first state some elementary facts. In this purpose we
introduce some new notation. We call e the unity element of I". For each x € Vr
and y € I'\{e}, let x, € Vy be the neighbor of x such that x,, € [x, yx]. The
vertices yx, and yx are adjacent, and one can either have

D :yx <cyx,, O (2):yx, <, yx.
We will write for each x € Vy and fori =1, 2,
I'Y :={y eI : x, satifies the condition (i)}.

We remind that the group of graph isomorphisms I" acts without fixed points,
and further, |x — yx| > 3forall x € Vy and y € I'\{e}. Also notice that r <, u
andu <, wimply r,u <; w.

Lemma6.1.
(@) Lety € T'\{e}. Theny € I'} iffx, = x,-1,and '} = (I'7) L fori =1, 2.
(b) Forx € Vr, y e I'f, itis verified y € I' forall z € [x, yx].

(c) Fori=1,2,y eI'f = y" eIy foralln e Z\{0}.
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Pr oof.

(a): Since y € I'; is equivalent to x, € [y ~'x, x], the statement follows easily.

(b): Consider z = x,,. One has yx € [x, yz]. Ifwehad y € I'5, then yz, = yx
and consequently, z, = x and x € [z, yz]. Butalso z € [x, yz], so we would
obtain x = z, a contradiction. One can repeat this argument with z’ = z,,, and
along the whole segment [x, yx].

(c): From (a) we only need to prove it for n € N. First consider y € I'{. Notice
that

(y"x), = y"x, forall n € N\{0}. (14)

By definition, for » = 1 we have that x,» = x,, and y"x, & [x, y"x]. If this
property is true for some n > 1, from (14) we get (y"x), € [y"x, y"*ix],
and then y"x e [x, y"*1x]. Thus, X+ = x,. Since yx, & [x,yx], we
have y"1x, € [y"x, y"*'x], and then y"1x, & [x, y""x], which proves the
property for n + 1. Therefore, y"*1 € T'y.

Now, let us consider y e I';. The equality (14) also holds in this case. Take
m = |x — yx|, which satisfies m > 5. Assume for a while that there exists
z € [x, yx]suchthat |z —x| < k:= |[(m—3)/2] and y € I'}, and take a vertex
z with such properties minimizing the distance to x . Let y € [x, z] be such that
y ~ z. Since y"z, = (y"z),,one has y € l“lynZ for every n € Z, so from (b)
and (a) we deduce that [y"x, y"y]1 N [y'z, y"z] =@ forallm,n,l € Z.

Now, let n € Z\{0} and write « = y". The previous set of equalities imply
that (x.az), = 0, and (x.a~*z), = 0. It follows that (ex.z),, = 0. We deduce
that [z, az] € [x, ax], and since x,, € [x, z] and ax, € [ax, az], we find that
[x,,0x,] C [x,ax], and thena € I'5.

It only remains us to prove that the required z exists. Suppose that this is
not true. Let w € [x, yx] be such that [x — w| = k (k defined as above), and
X0 = X, X1, X2, ..., X,y = yx be the reduced path connecting x with yx. Then,
x1 = x, and x,,_1 = yx1. Since y € I'3', we also have x,,_, = yx,, and the
same reasoning up to x; = w gives yx; = x,,_;, fori =0, ...,k + 1. On the
other hand, for every z € [x, w] one has |z — yz| = |z, — vz, | + 2, which
impliesthat m = |x — yx| = 2(k + 1) + |x)41 — Y Xpm_k—1|. We deduce that
|Xk11 — YXm_k—1| < 3, which is a contradiction. O

Lemma6.2. Assumethat A = 3T andrk(I") > 2. Then, forall x,y € V7, x ~
v, there exists z € U, (y) such that deg(z) > 3.
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Proof. Consider x ~ y andthe nonemptysetA, :={y e I': y = x, }. Ifthere
exists y € I'; N Ay, from the proof of Lemma 6.1 (c) there exists z € [x, yx]
suchthat y € I'. From Lemma 6.1 (a) we have z,, # z,-1, and since y * € T'j,
Lemma6.1 (b) impliesthat u = z,,-1 satisfies y € I'{. Thus, the neighbor w ~ z
in [x, z] is different from z,, and z,, 1.

Now, suppose that x ~ y do not satisfy the assertion and A, < I'f. Then
U, (y) is a geodesic ray. Assume o € A, minimizes {|x — yx|: y € A,}. Since
a € I'j and forall n € Z the set [a"x, &" "] is isomorphic to [x, ax], T is equal
to ageodesic and |x —a"x| = |n||x — ax]|. Furthermore, it is not hard to deduce
that I" is spanned by «, contradicting rk(I") > 2. O

From Remark 4.1, (wz) € C(xy) if and only if there are y, y’ € T" such that
(xy) = (yw yz) and (wz) — (y’x y’y). Since (X,,) is T—invariant, this
yieldsto (yw yz) — (yy'x yy'y), and then (xy) — (px py), withy = yy’.
Therefore, we have y <, yw <, vz <, yx <, yyand y € I'f, and we can
write

Clxy)={xy)}u { (wz) e fc . there exist (w'z’) e (wz) and y €T’}

such that x, =y and w' <, z’ <, yx}. (15)

Proof of Proposition 6.1.

(b) = (a): Sincey <, w <, zOry <, z <, w, the statement follows easily
from the description of C(xy) done in (15).

@ = (c): Forx,z € Vr, lety ~ x,w ~ z be such that y € [x,z] and
w ¢ [x,z]. Since (zw) € C(xy), there exist «, B € T such that x, = y and
Bz <, Bw <, ax (notice that & # B). Then, B~lax € U,(z), and (c) follows
by taking for each & € 9T a sequence z, — &.

(c) = (b): Itsufficestoshowthat foreach (xy) € E itholds (xy) — (yx). Take
(xy) € (xy) and z € U, (x) satisfying deg(z) > 3 and minimizing the distance
to x (z exists by Lemma 6.2). Let z1, z» ¢ [x, z] be different neighbors of z. By
hypothesis we can find «, 8 € T verifying ax € U,(z1) and Bx € U,(z2), and
we choose them so that |u — z| > |ax — z| forallu € U,(z1) N Orb(x) and
lu —z| > |Bx —z| forall u € U,(z2) N Orb(x). Observe that y = x, = xg.

If « or B € I';, the conclusion is easily obtained. Suppose now that « and
B are both in I'y. From Lemma 6.1(a) and (b), one has x = y,-1 = yz-1 SO
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[ := (@ ly.p7ty), > L. If I < min{laty — [, |871y — |}, it follows that
Yy ix & [y, y~tylfor y = a, B. This implies that «~1x, ~1x & [a7ty, B~1y]
and then x, af~1x & [y, af~ty]. Thus, (xy) — (@B~ 1y af~1x).

IfI = min{la~ty — y|, |87ty — y|} we assume without loss of generality that
I = |ay — y|. Then, one has [y, a~ty] C [y, B~tyland [ax, x] € [B1x, x].
As |a"x — x| = |m]|lax — x| for every m € Z, there exists n € N such that
a"x <, B7rx <, @ Lx (we have @ "x # B~ 1x because otherwise " = S
and [x, ax] C [x, Bx], which contradicts the choice of « and g8). Clearly the
following relation holds

B xa ) < 1B — x| (16)

If the equality holds in (16), we deduce that (8~ y.a"~1y), < |8~1y—yl, which
together with o"+1, 8 € I'f, yield to (@« "~ tx a™~1y) — (B8~1y p~1x), and we
conclude the result. 1f " <" holds in (16), then 8~1x € [a™"x, x], and from the
choice of n we get ~1x e [a™"1x, a™"x]. Wealso obtain 8~2x & [a™"x, x].
Since ~1x e [B2x, x], we deduce that

1B — x| < (@ " x.p%x), . (17)

Then, we must consider two subcases. In the subcase <" of (17), the vertex
w € [e™" 1x, x] such that |w — x| = (@™ x.87%x),, verifies deg(w) > 3
and w € [ tx, B~x] C [@ " tx, @ "x]. Thus, " w € [x, " 1p1x] C
[x, ax]. From the choice of « we must have [x, o"**871x] C [x, z], and since
deg(a"tw) > 3 we get by definition of z that o"**w = x or «"*'w = z. The
first relation is not feasible since |w — x| < |~ *x — x|. The second leads
(with the definition of ) to o w = o"*'~1x, and then w = B~1x. This
gives (B~%x B7%y) — (" 1y a7 1x), and the result follows.

Finally, if in (17) the equality holds, one has o™ <, B! <, a1 <, B2
and then B2a""1x e [x, Bx]. From the choice of 8 we have [x, f%a""1x] C
[x, z], 50 z € [B2a™""1x, Bx]. This implies that «" 12z € [x, «" 1~ 1x] C
[x, ax]. From the choice of o, we necessarily have [x, «"*1~1x] C [x, z], and
since deg(a"t1p2z) = deg(z) > 3 we get @"t1872z = x or "%z = z.
The latter contradicts the fact that Esz (z) is trivial (T is free). If the first relation
holds, we deduce from 8~1x € [e ™" tx, @ "x] that «"*18~1x = z, and then
a1 1g"t1 -2, = 7 and the same contradiction arises. This finishes the
proof. a

Remark 6.1. If there exists (xy) such that (yx) € C(xy), then it follows from
Lemma 6.1 (c) that rk(I") > 2.
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Finally, we have the following result.

Proposition 6.2. Assume that (17,") is irreducible. Then, it is recurrent if and
only if (¥,,) is recurrent.

Proof. Letx e V; be fixed and denote by G the Green function of (?m) and
by JF the hitting probabilities of (X,). By Lemma 4.1, (Y,) is recurrent if and
only if 3 - F(x, yx) = oo. We will show that

G((XY). (xy)) = oo for every y ~ x ifand only if Y~ F(x, yx) = o0;

velr
and (18)
G((xy). (3%)) = oo for every y ~ x ifand only if Y F(x, yx) = oo.
velrs

For y ~ x, one has G(@), @) = X, cr G((xy), (yxyy)). Then, if n, =
|x — yx|, we have

G(EY). @) = Gy ) + 3 B (X, = (rx y).

Writing n = n,, and (y, y2, ..., ya—1, yx) for the reduced path connecting y
and y x, we have

pnyiy2)  p(-1yX) p(yxyy)
1—pGx) 1= pu(n-1yn-2)1—pu(yx ya-1)

PP ((xy), (yx yy)) =

_ pxyy) pnOwy2) o pOQe1yx) o pGy)  mOe-1yX)
1—pO0)1—pGr) 1= pOn-aye-2)  1—pGx) 1= pOn-1yn-2)

Now, one has lﬁlg“(';)u) = F(u,v) forevery u ~ v, so the previous expression
is equal to
FC,FO, y2) oo Fn-1, vx) = Flx, yx).

We deduce that Y~ . G((XY), (¥3)) = deg(x) + Y, o, F(x,yx), and we
conclude the first equivalence in (18).

Concerning the second equivalence, by using the notation n,, := |x — yy| =
|y — yx|, we have

G(@y). ) = Y P (X, = (vy yo)l.

velp
Yy=y
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Now, if (y, z2, ..., zx—1, yy) is the reduced path connecting x and yy, for
n = n¥ we have

wz1z2)  (zaayy) nyy yx)
1-plyx)  1—pzeaze2) 1—pyyzn-1)

PP ((xy), (yyyx)) =

_ kyyx) pze) o pGeayy) o pGx) F.yy)
1—pu(yx)1—pu(zax) 11— pu@e—1ze—2) 1—p(yx)” 777777
This expression is equal to
1— 1-—
EOY) ey F o yy) = =D o5 yyy = D gy,
n(xy) n(xy) nxy)
Therefore, . )
— — p(xy
Xy), X = X, YX),
Gy, %) = — = Z Fx, yx)
and then
. [1- -
deg (x) min {ﬂ} Y Faoyn £ Y 6@, 7))
oGy U oo
< deg(x) max {w} Z Fx,yx).
yx u(xy) et
This proves the required relation. O
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